THE J9-RANK OF THE REDUCTION modp OF 
JACOBIANS AND JACOBI SUMS 



A. ALVAREZ* 



Abstract. Let Yk — ^ Xk be a ramified cyclic covering of curves, 
where if is a cyclotomic field. In this work we study the p-rank 
of the reduction modp of a model of the jacobian of Yk- In this 
way, we obtain counterparts of the Deuring polynomial, defined for 
elliptic curves, for genus greater than one. To carry out this study 
we use Jacobi sums and certain L-functions. 
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1. Introduction and previous notation 

Previous notation: Let K := Q{em) be a cyclotomic field with 
em an m-primitive root of the unity (m > 1), and we denote A := 
Z[em, ;;^] for some n G Z. We consider to be a proper and geo- 
metrically irreducible curve over K, of genus g, such that it has good 
reduction, X, over A. Let Xq, - ■ ■ ,Xd be different points of Xk given by 
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2 A. ALVAREZ 

d+1 sections, of the structural morphism X — )■ Spec{A), with disjoint 
images. 

Now, let us consider Yk — Xk, a Galois ramified covering, of Ga- 
lois group G := Z/m, ramified at Xq,--- ,Xd- We have that Sy^ = 
^Xk{ V/l^))' where Sy^ and T^Xk the function fields of Yk and 
Xk, respectively. Let D{f{x)) be the principal divisor associated with 
f{x) G TiXk, D{f{x)) = ao-xo + ■ — l-ad-Xd + m- D, with < \ai\ < m 
and D is a divisor on Xk- Note that oq + ■ ■ ■ + = Omodm. More- 
over, we assume that there exists a model Y ^ X over Spec{A) for 
Yk — )■ Xii-. 

We denote by Xp the reduction at p G Spec{A) of X and by YJ, a 
proper, smooth model for the reduction at p G 5*^60(^4) of Y. Let 
us denote k{p) the residual field of p that we assume to have q = 
elements, with {p,m) = 1. We also assume that Yp — )■ Xp is a ramified 
Galois covering of group Z/m, ramified at Xq,--- ,Xd, the reduction 
of xo,--- ,Xd at p and that Ey^ = Sxp( ^/f{x)) where D{f{x)) = 
clq -Xo + ■ ■ ■ + dd ■Xd + 1TL ■ D, with D a divisor on Xp. Here, we denote 
by Sy^, the function fields of 1^ and Xp, respectively. 

We study the characteristic polynomials of the p'^-Frobenius mor- 
phism, Fp, of a Qi[em]-module associated with the /-adic cohomology 
group H\Yp,Qiy := Hom{Qi/Zi, Ptc^y^i^)) Qi. These polyno- 
mials are essentially given by certain incomplete L-functions of Xp, 
Yp = Yp F. 

The constant term of these polynomials is given by jacobi sums. 
This is proved in [D], 5 and Proposition 10.12.1, because these terms 
are the local constants of an Dirichlet L-series, defined over and 
for a character Xf of G. In this work, we make explicit calculations 
of these terms by means of geometric methods; generalized jacobians, 
Riemann- Ro ch Theorem . . . 
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By using properties of Jacobi sums we prove that if m is a prime 
integer and t E {1, ■ • • , m — 1} with 

. Otl Of/ , , r ^ ■ fll t ■ dij . 

< — >+•••+< — > 7^ < >+•••+< >], 

m m m m 

then the jacobian of Yp is not a supcrsingular abehan variety when 
m\p — 1. [|] denotes the integer part of the fraction | and < | >: = 
I — [|]. We say that an abehan variety A over Fp is supersingular if the 
eigenvalues of the Probenius morphism Fp are C, ■ g^^^, C being a root of 
the unity. 

We also prove that if m is a prime integer and t e {!,••• ,m — 1} 
with 

< — i>+...+ < ^>h^o, 

m m 
Xp — Pi and hence Yp does not have p-rank 0. 

Where, we say that Yp has p-rank if Kerfpjred = Spec(k(p)), [p] 
being the multiplication by p on PiCyp ■ 

When m is a prime integer and p inert in Z[e^], we prove that Yp has 
p-rank if and only if Xp has p-rank and the coefficients, up to the 
constant term, of the above characteristic polynomials are modulo p. 
As a corollary, we deduce that the proper, smooth model of the curve 

defined on A;(p) = F^m-i, has p-rank if and only if ai, • ■ ■ , Q;rf_2 satisfy 
a system of d — 2 algebraic equations defined on Fpm-i 

• • • , Oici-2) = 0, • • • ,Pd~2{oii, ■■■ , ad-2) = 0. 

Here, < \ai\ < m for each 1 < i < d — 2, and oi + ■ ■ ■ + 7^ mod 
m. When ci = 3, Oi = 02 = 03 = 1 and m — 2, one obtains the Deuring 
polynomial, defined for the elliptic curve — x{x — l){x — X), 

^(A) = (-1)" E (i J n = p- 1/2). 
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We also study when Yp has p-rank in the case that p sphts completely 
in Z[em]. 

For Fermat curves, (with our notation g = 0, d = 2), in |A2] the 
torsion on jacobians is studied in terms of theta divisors, in [N] the su- 
persingularity of these curves is studied, and the article [U] is devoted, 
by means of jacobi sums, to study the rank of jacobians of Fermat 
curves over function fields. In [LJ is studied the p-torsion of abelian 
varieties in characteristic p. In the article |NGj is proved that the set 
of ordinary abelian varieties is dense in the special fiber, modulo p, of 
certain moduli space of principally polarized abelian varieties. 

We now give some general notation that we shall use along this work. 
Let s be a global section of a line bundle L on Xp. We also denote by 
s the morphism, of Cxp-modules, Ox^ — ^ L, such that 1 — s. Here, 
denotes the sheaf of rings associated with Xp. 

We denote by E and m the effective divisor Xq + - ■ ■+Xd on Xp and the 
ideal associated with E inside Oxp , respectively, and T := {xq, ■ ■ ■ , Xd}- 

If 2; G k{p)^ = ¥\, then we denote by Xp{^) the unique m-root of 
the unity such that Xpi^) = z rn mod p. 

2. Cyclic extensions 

Let Pic^p^ be the generalized jacobian for m. Pic^^^ is a scheme 
over k{p) that represents isomorphism classes of pairs (L, Lm) (m-level 
structures) , where L is a line bundle over Xp and L^a '■ L ^ Oxp /m is a 
surjective morphism of Cxp-modules, we say that two level structures 
(L, 6m) and {L', l'^) are equivalents when there exists an isomorphism 
of line bundles u : L ^ V such that i'^ ■ u = Lm- The equivalence 
classes of level structures are in one-to-one correspondence with the m- 
equi valence classes of divisors on Xp supported outside T; two divisors 
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D and D\ are m-equivalent if there exists a (7 G S'J with D-D' = D{g) 
where S™^ := {g G such thatf? = Imod m}. 

We call the (projective) space of m-sections of a level structure 
(L, i,T^), and we denote by i7°((L, /.„,)), to the space of sections s : 
— > L such that ■ s = -k, -k : — C^Xp/iri being the natu- 
ral epimorphism. The effective m-equivalent divisors associated with 
(L, is given by the zero locus of the m-sections of (L, t^)- Moreover, 
if s G H^{{L, L^)) then H^{{L, l^)) = s + H'^iX,, L{-E)). 

We denote by It, Ij- and the ideles, ideles of degree and integer 
ideles on outside T, respectively. 

According class field theory, the cyclic extension Sy^/Sxp of Galois 
group Z/m, where Sy^ = T^Xpi a// (a;)), gives an epimorphism of groups 

jo 

Z/m. 

This morphism is given by the Artin map 

It 

In this way there exists a divisor D\ of degree 1 on Xp with 

(A,Sy^/Sxp) = l. 

We consider the p^-Frobenius morphism [p^ = ^k{p)), Fp, and the 
Lang isogeny, P := Fp — Id : Pic^^ ^ — )■ Pic^c^ Bearing in mind 
the divisor of degree 1, Di, we have an immersion Xp\T Pi^^^ ^. 
By class field theory for function fields over finite fields, (c.f. [S]), 
P^^{Xp \ T) gives the m-ray class field for Sxp- It is a Galois 
extension of Galois group isomorphic to Pic^^^ ^(A;(p)) = w • 
This group is the group of the m-equivalence classes of divisors on Xp 
supported outside T. 
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The morphism of forgetting the level structure, (L, t^) — )■ gives 
the exact sequence of schemes in groups 

d+l 

and thus we have the exact sequence of groups, 

Note that the residual fields k{xi) are isomorphic to k{p). We have 

where, if cr e y and a{ = -2 ■ ( (via the Artin 

symbol), with z G ^(p)^ = F^^, then we define Xfi.^) '■= Xp{^)- Re- 
call that Xp{^) is the unique m-root of the unity satifying xp(^) = 
^q'^-i/m Yuodp and that D{f{x)) = oq • + • — \-ad-Xd + m-D^ with 
< \ai\ < m and D is a divisor on X^. 
We have an isomorphism 

k^x^Y X • • • X k{xa)r/k{pY - kC^iV X • • • X A;(xd))^ 
and thus we can assume that Zq — 1. 

Remark 2.1. Bearing in mind the notation of the introduction, if Yk — > 
Xk is a Galois ramified covering, of Galois group G := Z/m, ramified at 
Xq, ■ ■ ■ , Xd, it is not difficult to show that there exists A := Zfe^, for 
some n G Z, such that — )■ X^ has a model, Y ^ X over S'pec(A). 
Moreover, Xq, - ■ ■ ,Xd are given by + 1-scctions Spec{A) — )■ X, with 
a disjoint image, and for each p G Spec{A), ^ is a Galois 
ramified covering of group Z/m ramified over Xq, - ■ ■ ,Xd, the reduction 
of xo, • • • , Xd at p. To obtain y — > X, it suffices to consider a model 
over A of the generalized jacobian of X^ for the divisor Xo + • — \- Xd- 
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3. L-FUNCTIONS 

This section is devoted to studying certain incomplete L-functions 
of the curve Xp over k{p) for each p G Spec{A). We follow jAl] and 
[T] . We shall calculate the characteristic polynomial of Fp as an endo- 
morphism of a certain Q;[em]-niodule obtained from the Z/m-module 

We now consider the T-incomplete L-function 

xe\Xp\\T 

jO 

where G '■= /^m w nx Frobenius element, for the point 

X G |Xp| \ T, considered as an element of the Galois group, Gm, of the 
ray class field for m, H^/T^Xp- We have that F^. = (t^, H^/^Xp), where 
( ,Hm/^Xp) is the Artin symbol for the Galois extension Hm/^Xp, 
and tr^ is a local parameter for x. 

We denote by (Jat the element of the Galois group of the extension 
Hm/^Xp associated with N via the Artin symbol, N being a divisor 
supported outside T and with class [N] G G^n- Similar to |A1] 4.1.1, 
we can compute this L-function in terms of Gm: 

2g+d~l 

[N]eG,n i=0 j>0 

■ig+d-l g ,2g+d 

•^a+d-l g 2g+d 

i=0 D,deg(D)=i [Af]eGm ^ 

where D denotes effective divisors on Xp with support outside T, 
L^{N, i) denotes the cardinal of the set of effective divisors on Xp 
supported outside T and m-equivalents to N + i ■ Di. li D = rii ■ yi + 
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■ ■ ■ + rir ■ Ur is a. divisor on Xp with support outside T, we define 

r 

i=l 

where ty. is a local parameter for yi. 

Note that if (L, L^-n) is a level structure associated with N + i ■ Di 
then L„,(A^, i) = ((L, u))- Thus either L„,(A^, i) = or L^{N, i) = 
#if°(Xp, N + i ■ Di — E). The divisor is defined in section 2. 

For ease in the notation, we assume that m and / are integer primes, 
such that / is inert within Z[em]- Thus, Qi[em] is a field and Qi[G] = 
Qi X Q;[em], {G := 1,/m). Let us denote ei G the idempotent 

element, such that ei ■ Q/[G'] = x Qi[em]- Let us consider the first 
/-adic cohomology group H^iYp,Qiy . This is a [G]- module and ei ■ 
i/i(>;,Q/)'' is a Q,[eJ-module. 

The p'^-Frobenius morphism Fp is an endomorphism of this Qi[em]- 
module. By [TJ 3.5, since Fp — )■ Xp is ramified on xq,--- ,Xd we 
have that the characteristic polynomial of Fp, Pp^ (t) := det(Fp — t) E 
Z[em][t], is the polynomial 

2=0 [Af]eGm 
i=0 D,deg(D)=i 

where X/ is defined in section 2 and D denotes effective divisors on Xp 
with support outside T. If D = rii ■ yi + ■■■ + nr ■ i/r is a. divisor on Xp 
then we define 

f{D) :=n/(2/0"" ■ 

1=1 

If X G sup(D(f)) \ T then we define f{x) by considering a divisor D' 
linearly m-equivalent to x and sup(D') fl sup(D(f)) = 0. 
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The characteristic polynomial of Fp, where Fp is considered as an 
endomorphism of the Q;-vector space H^{Yp, Qi^ , is given by 

po{t) ■ n pf'(^) ^ ^w- 

l<j<m 

Here, po{t) denotes the characteristic polynomial of Fp as an endomor- 
phism of the Qr vector space H^{Xp, Q/)^. 



4. The constant term of Pp^{t) 



In this section we shall calculate the constant term of the polynomial 
Pp^ (t). This means, by (*), to calculating X][Ar]gGm 2g + d — 1) ■ 

Xy(o'jv)- We shall calculate L^[N,2g + d — 1) for each [N] G G^. Let 
K be a divisor of degree 2g — 2 associated with the canonical sheaf of 
Xp. We have two cases for the cardinal 

i^H%Xp,N+{2g + d-l)-D,-E). 

It is = in the case that N + {2g + d — l) ■ Di — E is hnearly equivalent 
to K, and = q^~^ in the other case. 

Lemma 4.1. Let (L, 1^) be a level structure where deg(L) = 2g + d — 1. 
If L is a line bundle not isomorphic to Oxp{K+E) then ^H^{{L, l^)) — 

g(fl-l). 

Proof. By taking global sections on the exact sequence 

^ L(-E) ^ L ^ Oxjm 

we obtain the exact sequence of vector spaces 

^ H'^iXp, L{-E)) ^ H\Xp, L) e»„ ^ 0, 

where we have denoted := if°(Xp, Oxp/tn). Thus, we have an 
isomorphism of F^h -vector spaces 

H\i^) : H%Xp,L)/H^{Xp,L{-E)) ^ 
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Therefore, there exists a section s : Oxp L such that H^{Lm){s) ~ 
7r(l); thus we have that H^{L, Lm) 7^ and this cardinal is p^~^. Here, 
TT is the natural epimorphism Ox^, Ox^/vci. □ 

We now study the case when L ^ Oxp{i^ + E). 

We denote by Tr^j, the surjective morphism of modules Oxp/iTi — )■ 
Oxp/iTiio, with m-xo the maximal ideal associated with xq. We denote 
%o '^xo ■ i^m- Recall that E — Xq + ■ ■ ■ + Xci and m is the ideal within 
Oxf, associated with E. 

We shall study when a level structure (L, i^), with L a line bundle 
isomorphic to Ox^in + E), has an m-section. 

Bearing in mind that if A e then (L, im) and (L, A • t^) are iso- 
morphic level structures, we can fix the morphism %q := tt^q • : 
L — )■ Cxp/tn — )■ Oxp/tTixQ: For the level structures (Oxpj'-m), we fix 
^^^(l) = 1. Let us consider D an effective divisor with xq ^ supp(D), 
to fix the afo-level structures for Ox^i^D) it suffices to consider the 
already fixed m^g -level structure for Ox^ and the natural inclusion 
Oxf Ox^{D). If L is of degree 2g -\- d — 1, we can obtain an 
effective divisor, D, with support outside Xq, such that L is isomor- 
phic to Oxp{D). We consider a D hnearly equivalent to k, + E, with 
Xq ^ sup(iP), and we fix for L — Oxp{D). 

We denote by E' the divisor xi-\ h x^, by m' the ideal associated 

with E', and 0„/ := i/°(Xp, C»Xp/m'). 

Because = kix^) x O^', for each m-level structure (L, in^) we have 
that im = X '•m'l recall that i^,, is fixed and that L ^ + E). 

Note that H%Xp,L{-E)) = H%Xp,L{-E')) thus via we 
have the isomorphism of vector spaces 

H%X„L)/H%X„L{-E)) = H^{X„L)/H\X„L{-E')) ""^'^ O^., 
we denote this isomorphism by 
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Let H^{ixo) be the linear morphism H^{Xp,L) -4-'" O-^ — ^ k{xo), 
we now choose an m'- level structure for L, {L,l'). We consider the 
Fph -linear form 

u := ■ [i']-' ■■ Om' H\X„ L)/H%X„ L{-E)) ^ k{xo) = F^.. 

Here, we must bear in mind that L{—E))) — 0. 

By considering the standard basis for the Fph-vector space Om' — 
k{xi) X • • • X k{xd) we have that uj{zi, • • • , Zd) — Xi • zi + • — \- Xd- Zd- 
Moreover, since deg(L) = 2g + d — 1 and 



H%X„L{-xo)/H'{Xp,L{-E)) + H''{X„L{-xo-Xi)/H\X„L{-E)), 



thus, Ai, • • • ,Xd 7^ 0. Accordingly, by changing the choice of the m'- 
level structure l', we can assume that Ai = • • • = = — 1. 

Note that if (L, l^) is an m-level structure, then there exists z G O^, 
with = %g X z ■ i'. Recall that here L ~ Ox,{n + E). 

Lemma 4.2. By using the above notations, H^{{L, x z ■ l')) if 
and only if lj{z~^) = 1. 

Proof. If there exists a section s of L such that the diagram 



is commutative, ir' being the natural epimorphism, we have that the 
class ofthc sections in iJ°(Xp,L)/iJ°(Xp,L(-£;')) is [z-t']-\l). Recall 
that [z ■ l'] is the isomorphism, given by 



H\X„L)/H%X„L{-E)) = H\X„L)/H'iX„Li-E')) O^. 



KerH = M(H°(Xp,L(-xo)/H' 



(Xp,L(-E))) 



we have that for 1 < i < d 




s 
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Moreover, as the diagram 



k{xo) 

must also be commutative, we have that H^{lt^^){s) = 1, recall that 
is alrady fixed. Thus, we deduce that H^{Lxa){[z ■ = 1. 

Therefore, 

Reciprocally, it suffices to consider a section s of L in the class of 
1)&H\X,,L)/H\X,,L{-E')). □ 



\Z ■ L 



'1-1 1 



We denote by M a divisor of degree with support outside T such 
that the m-level structure associated with M + {2g + d — 1) ■ Di is 
{Ox^{i^ + E),Lj.Q X l'), and we recall that ctm is the element of the 
Galois group of the extension Hm/^Xp given, via the Artin symbol, by 
the class [M] G 



From Lemmas 14. II and 14.21 we deduce, jP] : 



Lemma 4.3. The term constant of the characteristic polynomial Pp^ (t) , 
defined in section 2, is 

m' ' ^ ' 

[N]eGm 
with JV + (29 + d-l)Dj*K; + E 

We have denoted ■ M instead of ri{z~^) ■ [M] and we have beared 
in mind that the set of classes of level structures for the line bundle 

Ox,in + E-{2g + d-l)D,) 
is given by {v{z~^) ■ [M]}^^^^^ c .^./fx.qx - 
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5. Jacobi sums 

In the first part of this section we follow, [W]. Let p be an integer 
prime, and p a prime on Z[em] above p with residual field Wph, a finite 
field with p'^ elements and with [p, m) = 1. Recall that xp is the char- 
acter of F^h, where xp{^) is the unique m-root of the unity satisfying 
Xp{z) = ^^''^^/'"modp. We consider the Jacobi sum 

J(.)(p) := xt'{^i)---Xr{z,), 

z\-\ \-z^=—l modp 

■^1 ! " ' '-^d mod p 

with a := (ai, ■ ■ ■ , a^). 

The map p — > J(a)(p) defines a Hecke character for the cyclotomic 
field K and the ideal generated by J(a)(p) within Z[em] is p^'-^^ where 

- E E < ^ 

{t,m)=l i=l 

t mod m 

cr_( is the automorphism of K given by cr_t(em) = e~*. Moreover, 
|</(a)(p)P = p^^''~'^\ s being the integers ai, ■ ■ ■ , a^, ai + ■ ■ ■ + 7^ 
(mod m). 

Here, by using previous notation D{f{x)) = ■ xq + ai ■ xi + ■ ■ ■ + 
ttd ■ Xd + m ■ D , a := {ai, ■ ■ ■ , ad) with 1 < |aj| < m, 7^ modm and 
ai + ■ ■ ■ + ad mod m. Therefore, here s = d + 1. 

Now, from Lemma [4.31 we deduce, ([D] 5 and Proposition 10.12.L) 

Theorem 1. The term constant of Pp^{t) is 

(-ir'x/Kf)-g^- J(a)(p). 

Proof. Bearing in mind the paragraph above Remark I2.H 
Therefore, 
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where {l,Zi,--- ,Zd) G k{xQ) x ■■■ x k{xd))^ /k{p)^ and [M] G is 
defined above Lemma 14.31 Note that we denote ■ M instead of 
r]{z-^) ■ [M]. 

By Lemma 1131 we have that for fi eF^ 

m' ^ ' ^ 
z\-\ \-Z(i=—l mod p 

^1 ■ " ' '-^d niod p 

The sum over /i G Fp of the above terms is 0, because ai + ■ ■ ■ + 7^ 
Omodm. Thus, by Lemma [4.31 we have: 

L^{N,2g + d-l)-Xf{<yN) = 

Af+(23+(i-l)Di90K+_E 

Since the set of classes of level structures for the line bundle asso- 
ciated with M is given by {rj{z^^) ■ [M]}^^qx C Gm, the last sum is 
equal to 

E (f-XMz-^-M)+ E ^^"^■^/(^^) = E Q.^-Xf{(^z-^-M) 

and we conclude. Recall that, uj{zi, ■ ■ ■ ,Zd) = —zi — ■ ■ ■ — Zd. □ 
Remark 5.1. As noted at the end of section 3, by [T], 3.5 we have 

detiF,)= J2 LUN,2g + d-l)-Xf{aN). 

[N]eG^ 

Thus, by |Wj and Theorem [1] 



p ^ {-lf+'xfi^M)-'detiF,) = ■ J(,)(p), 
with p G Spec{A), gives a Hecke character for K. 
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Moreover, we also have the equahty 

[N]eGm D,deg(D)=2g+d-l 

where D denotes effective divisors on Xp with support outside T. 
Therefore, we deduce the formula 

D,deg{D)=2g+d~l 

We have defined f{D) at the end of the section 3. 

For example, let X be a proper, smooth model for the elliptic curve 
y'^ — X ■ {x — 1) ■ {x — A), defined over A := Zfe^, m 7^ 3. We have 
that D{y) = -3 ■ 00 + (0,0) + (1,0) + (A,0). Following the notation 
used in the above formula 

D,deg{D)=4: 

D being the effective divisors on the elliptic curve, Xp, with support 
outside T := {00, (0, 0), (1, 0), (A, 0)} and a = (-3, 1, 1, 1). 

6. The p-rank of jacobians 
In this section we consider m as a prime integer. 

Definition 6.1. A proper, smooth and geometrically irreducible curve 
Z , over a finite field ¥g(q — p^) has p-rank when, for the morphism 
[p] : Pic^ — )■ Picz; Kerfpjred = Spec(Fq) or, equivalently, when \p\ is 
purely inseparable. 

In the following proposition, we consider F^, the g-Frobenius mor- 
phism, as a Q^-linear application over the Qr vector space if^(Z, Q;)^. 

Proposition 6.2. We have that Z has p-rank if and only if the 
characteristic polynomial of Fq, t^"^ -\- ait^'^~^ -\- ■ ■ • + a27r-i^ + fl27r £ 
satisfies p\ai, ■ ■ ■ ,p|a27r- Here, tt denotes the genus of Z . 
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Proof. If p|ai, • • • ,p\a2TT then by considering Fg as an endomorphism of 
Picg, we have that F^'^ = [p] • $ , where $ is also an endomorphism of 
Picz- Thus [p] is purely inseparable because Fq is purely inseparable. 

Conversely, since Kcr[p]i.ed = Spec(Fq) there exists / G N such that 
F^(Ker[p]) = Spec(Fq). In this way, F^ — \p] ■ ^ with $ an isogeny of 
Picz- Thus, the characteristic polynomial of Fq is t^'^modp. □ 

Let — 7> S* be a ramified abclian covering, of group G := Z/m, 
of proper, smooth and geometrically irreducible curves over F^, with 
{m,p) = 1. We consider, by convenience in the notation, that / and 
m are integer primes and that / is inert in Z[ej„] . We consider the 
Q-algebra decomposition Q[G] = Q x Q(e^). Let d e Q[G] be the 
idempotent element, such that ei • Q[G] = x Q[e^]. We consider 
the QifGj-module, H\W,Qiy. We denote by pi{t) e Z[e^][i] the 
characteristic polynomial of as a Q;(e^)-endomorphism over the 
QK^"i)-vector space Ci • H^{W,QiY, by po{t) the characteristic 
polynomial of Fq over the Q;-vector space H^{S, Qi^ . 

Lemma 6.3. We consider m\p — 1. IfW has p-rank then Pi(0) = 
u ■ p", with u e Z[e^] and n > 1 e N. 

Proof. By the very proposition = \p^] ■ where $ is an isogeny 
of the abehan variety Pic^. The characteristic polynomial of $ as a 
QK^m)-endomorphism is T + hr-if^'^ + • • • + 6o £ ^[cm]- Note that 
and \p^\ are Qi(e^)-endomorphisms and thus Therefore, the 

characteristic polynomial of is + Cr-if^'^ H h 6o • P^'^ £ ^[^m]- 

We thus have pi(0)' = ho ■ p^'^. We conclude because the primary ideal 
decomposition of p in Z[em] is a product of different ideal primes, (note 
that m\p — 1). □ 

We consider the notations of sections 1 and 2, p being a prime ideal 
within Z[e^] over p. Recall that — > is a cyclic ramified covering 



THE P-RANK OF THE REDUCTION modp OF JACOBIANS 17 

of Galois group Z/m, and Sy^ = Sxp( \/ fi^)) with D{f{x)) = aQ-xo + 
\- ad-Xd + m-D. For = Fp and S = Xp, we have pi{t) = Pp^it). 

Theorem 2. 1) If there exists t G {1, • • ■ , m — 1} with 

. Oj-I CLd t , r t ■ dl t ■ CLd ^ 
< — >+■■■+< — < >+■■■+< ^ > 

m m m m 

then when m\p— l(i.e p splits completely in TL\tr^), Picyp is not super- 
singular. 

2) If Xp = Pi and there exists t E {1, ■ ■ ■ ,m — 1} with 

r t ■ CLl t ■ Old T ^ 

< >+■■■+< > = 

m m 

and m\p — 1 then Yp has not p-rank 0. 

Proof. 1) By Theorem [H the ideal within Z[em] generated by the term 
constant is (g^- J(a)(p)), thus by using |Wj (8), (9) this ideal is {q^-p^^"-^) 
with 

t ■ Cll t ■ Old T 1 



e{a):= Y: >+■■■+< 

' ' m 



(t,m)=l 



Because 



.0,1 Of/ , , . t ■ Cli t ■ Old ^ 

< — >+■■■+< — > 7^ < >+■■■+< > 

m m m m 

for some tG{l,---,m — 1} and p splits completely in Z[em], we have 
that (g^ ■ p^(")) is different to a product of "Ca/?"; and we conclude. 

We prove 2) by the same arguments as in 1) but now using the above 
Lemma and the fact that (7 = 0. □ 

Lemma 6.4. Bearing in mind the above notations with {p,m) = 1, Yp 
has p-rank if and only if Xp has p-rank and Pp^it) = + p ■ Qj{t) 
where Qj{t) G Z[em][i] and deg{Qj{t)) < r, for each j, 1 < j < m — 1. 



Proof. Because the characteristic polynomial of the p'^-Frobenius mor- 
phism, considered as a Qrlinear application of H^(Yp,Qiy , is po(^) " 
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Y[{j m)=i ^Fp i'^) ^ conclude by Proposition 16.21 and because the pri- 
mary ideal decomposition of p in Z[em] is a product of different ideal 
primes because (p, m) = 1. □ 

Theorem 3. 1) Let p be a prime integer inert within Z[em]. We have 
that Yp has p-rank if and only if Xp has p-rank and 

J2 Xp(/P)) = Omodp, 

D,deg(D)=l 

for each I, 1 < I < 2g + d - 2. Note that k{p) = Fpm-i . 

2) If we assume that p splits completely in Z[em], and for g = that 

. t ■ (2i t • CL,i . 

[< — - >+■■■+< — - 

m m 
for each t ^ {1, ■ ■ ■ ,m — 1} , we have that Yp has p-rank if and only 

if Xp has p-rank and 

J2 = Omodp 

D,deg{D)=l 

for each j with 1 < j < m — 1 and each I, l<l<2g + d — 2. Note 
that in this case k{p) =¥p. 

Here, D denotes the effective divisors D on Xp with support outside 

T. 

Proof. 1) From (*) section 3, we have 

i=0 Z),deg(D)=i 

We conclude by using the above Lemma and the fact that the ideal 
generated in Z[e.m] by the constant term of this polynomial is given, 
by Theorem [H by (g^ ■ J(a)(p)). Note that in the case of p being inert 
within Z[em], p = p-Z[em] and g^J(a)(p) = ^{n-p^ for some 1 < u, j E N. 

2) One proceed in the same way that 1) bearing in mind that for 
9 = 

r t ■ ai t ■ ad . , 

< > H h < > 7^ 

m m 
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for each t,l <t < m-1. Thus, (p^- J(a)(p)) = {q^-p'^^"-^) = p-I for some 
ideal / C Z[em]. Note that P^j{t) = (7,(P^/(t)), p-Z[e„] = Pi ■ ■ -p^-i, 
and the "aj" operate transitively on pi, • • • ,pm-i- Where the pj are 
the primes in Z[e^] over p. □ 

In the next Corollary by using part 1) of this Theorem, we obtain 
counterparts to the Deuring polynomial for genus greater than 1. We 

consider the curves defined over Z[^,e^], X = Pi and Y associated 
with the plane curve 

ym ^ ^ai(3, _ l)a2(^ _ ^^ys . . . _ Q,^_^)a,^ 

where the aj are integers ^ mod m, ai + • • • + 7^ mod m and 
«i, ■ ■ ■ , ad-2 are independent variables. We consider p C Z[l/m, e^] a 
prime over p such that A;(p) = Fpm-i (i.e. p is inert within Z[e^]). 

Corollary 6.5. Let Yp be the proper, smooth model of the reduction at 
p ofY, k{p) = Fpm-i. Accordingly, Y^ has p-rank if and only if 

J2 [q{Orq{^rq{o^ir ■ ■■q{ad-2rr"-'/'^ - OinFp.-!, 

q{x) 

deg(q(x))=l 

for each I, with 1 < I < d — 2. Here, q{x) denotes monic polynomials 
q{x) e Fpm-i[x] 

Proof. It suffices to consider in the above theorem Xp = Pi with = 
Fpm-i {x), T :— {x • {x — 1) ■ {x — ai) ■ ■ ■ {x — ad-2))o and also to consider 
that the effective divisors of degree I on Spec{¥pm-i[x]) are given by 
the zero locus of monic polynomials q{x) of degree I. 

□ 

Note that the system of equations of this corollary is a system on 
Fpm-i with d — 2 variables and d — 2 equations. 

For example, the hyperelliptic curve defined over ¥p 

— x{x — l){x — ai){x — a2){x — a^) 
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has p-rank with p 7^ 2, if and only if 

aeWp i=l 
3 

J2 + b + a) + ai-b + a)^-'/^ = 

a,b&p i=l 
3 

J] [a(l + c + 6 + a) JJ(Q;f + • c + • 6 + a)]^-^^ = 0. 

a,6,ceFp i=l 

The next Corollary is an application of part 2) of the above Theorem. 
We consider p C Z[l/m, e^] a prime over p such that k{p) — ¥p (i.e. p 
splits completely within Z[ej„]), and Y the above plane curve. 

Corollary 6.6. Let Yp he the proper, smooth model of the reduction at 
p ofY, where p splits completely in Z[l/m, e^] and 

[<^>+---+<^>]^0 

m m 

for each t, 1 <t < m — 1. We have that Yp has p-rank if and only if 
[q{Q)Y^q{lY^q{a^Y^ ■ ■ ■ q{ad-2T''\^^^'^^''^ = Omodp, 

q[x) 

deg(q(x))=l 

for each I and j with 1 < I < d — 2 and 1 < j < m — 1, respectively. 
Now, q{x) denotes monic polynomials q{x) G Fp[a;]. 

Proof. One proceeds in the same way as in the above corollary by using 
part 2) of the above Theorem. 

□ 

As an example of this corollary one proves that the desingularization 
of the curve, defined over F7, — x • {x — 1) ■ {x — a)^ has 7-rank 7^ 0, 
because the system of two equations on a 

^ a ■ (a - 1) ■ (a - a)^ = 0, ^ • (a - 1)^ ■ {a - a)* = 
does not have solutions. 
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